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The factor matroid of a graph G is the matric matroid of the vertex-edge incidence matrix of
G interpreted over the real numbers. This paper presents a constructive characterization of the graphs
hat have the same factor matroid as a given 4-connected bipartite graph.

1. Introduction

Let G be a finite, undirected, loopless graph, and let N be the vertex-edge
incidence matrix of G. Denote by My(N) the matric matroid of N with linear inde-
pendence interpreted over a field F. (Matric matroids are also known as represen-
table matroids — see Welsh [5].) When F=GF(2), Mg(N) is the well-known polygon
matroid of G. When F=R, Mz(N) is the not-so-well-known factor matroid of G.

This paper addresses the following question : For a given graph G, what other
graphs have the same factor matroid as G? An obvious second question is: What
other graphs have the same polygon matroid as G? This second question has been
answered nicely by Whitney [6]. Whitney’s answer to the second question also pro-
vides a partial answer to the first since if G is bipartite, then the factor matroid
and the polygon matroid are the same. Thus, Whitney has given a complete answer
to the question: For a given bipartite graph G, what other bipartite graphs have the
same factor matroid as G?

More precisely, this paper addresses the question: For a given bipartite graph
G, what other non-bipartite graphs have the same factor matroid as G? The main
result of this paper is an answer to this question when G is 4-connected.

2. Preliminaries

A basic knowledge of graph and matroid theory is assumed. Most of the ter-
minology is consistent with Bondy and Murty [1] and Welsh [5]. All graphs considered
are finite and undirected with loops and parallel edges allowed. ‘

Let G=(V, E) be a graph. Where G[C] denotes the subgraph induced by C,
the set {GS E|G[C] is a cycle} is the collection of circuits of a matroid on E, called
the polygon (or cycle) matroid of G and denoted by P(G).
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A cycle is odd (respectively, even) if it has an odd (respectively, even) number of
edges. A bicycle is a graph that is a subdivision of one of the graphs in Figure 1,
A bicycle is odd if both of its cycles are odd.
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Fig. [

Theset {C S E|G[C] is an even cycle or odd bicycle} is known to be the collec-
tion of circuits of a matroid on E, called the facfor matroid of G and denoted F(G);
see Doob [2], Simdes-Pereira [3], Tutte [4] and Zaslavsky [7]. (The name factor ma-
troidis newand is used because of the relationship between this matroid and factorsin
graphs — see Tutte [4]. Other names include even-circle matroid and unoriented-cycle
matroid.) A cocircuit of F(G) is a minimal set of edges D such that G\ D has more
bipartite components than G, where an isolated vertex is considered as a bipartite
component. The matroid rank of a set 4 of edges is given by the number of vertices
in G[A] minus the number of bipartite components of G[A4]. For details on these and
other graph-theoretic features of F(G), sce Zaslavsky [7].

Ifno edge of G is a loop, then the definitions of the polygon and factor matroid
of G ccincide with those given in the Introduction. If G has a loop, then one must
be careful in the definition of the incidence matrix. More precisely, define N to be
the matrix whose (4, /) entry is given by #;;, where n;; is defined to be 1if vertex z; is
incident to edge e;, and O otherwise. Dcﬁne a second matrix N’ exactly as N with
the exception that lf edgee;is a loop, then n;; is O for all . Then F(G) is the matric
matroid of N (over R), and P(G) is the matric matroid of N’ (over GF(2)). Call
N the real incidence matrix of G, and N’ the binary incidence matrix of G. Note if
G is bipartite, then these two matrices coincide.

3. 4-Connectivity

This section contains the main result of the paper — a characterization of the
class of graphs having the same factor matroid as a given 4-connected bipartite graph.
The next two results describe ‘“‘factor-matroid-preserving” operations. Throughout
this section G=(¥, E) denotes a bipartite graph.

Let v be a vertex of G and let ey, ..., ¢ be the edges of G incident to v. The
other end of ¢; is denoted by v;, for 1=i=k. Define G’ to be the graph obtained
from G by first deleting v, and then adding the edges ey, ..., ¢, as loops incident to
U1y ..., Uy, respectively. The graph G” is said to be obtained from G by a rolling at
p. Observe that the only odd cycles of G’ are the loops e, ..., €.

Theorem 3.1. If G’ is obtained from G by a rolling at v, then F(G)=F(G’).

Proof. The proof that follows, as well as the proof of (3.2), were pointed out by one
of the referees. Alternatively, one could check that the set of cycles of G corresponds
precisely to the set of even cycles and odd bicycles of G'.
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Let N be a real incidence matrix of G. Since G is bipartite, deleting any row of
N does not affect linear dependence among the columns. The result now follows by
noting that deleting the row corresponding to vertex v yields a real incidence matrix
ofG'. |

Let u and v be vertices of G that are on opposite sides of the vertex partition
of G. Define G’ to be the graph obtained from G by identifying » and v. Thus, an
edge joining # and v in G is a loop of G’. This operation is termed an identification of
u and v.

Theorem 3.2. If G’ is obtained from G by an identification of u and v, then
F(G)=F(G).

Proof. Let N be a real incidence matrix of G, and let r, and r, be the rows correspond-
ing to u and v, respectively. Observe that a real incidence matrix for G’ can be obtained
by first replacing r, and r, by their sum and then by scaling the columns of edges inci-
dent to both # and v in G so that all nonzero entries are 1. Neither of these operations
affect linear dependence among the columns and so the result follows. |}

The main result is that when G is 4-connected, then every graph having the
same factor matroid as G is obtainable from G by either a rolling or an identification.
Before proving this result, some known preliminary results are stated.

Let G=(V, E) be a connected graph and suppose {E,, E.} is a partition of E.
Then {E,, E,} is a k-separation of G if |V (GIE])|>k=|V(G[E,])| and |V (G(EI)N
4 [Ezl)‘=k- The graph G is n-connected, for a positive integer n, if it has no
k-separation for k-<n.

Two matroids on the same element set are defined to be equal if they have pre-
cisely the same circuits. Two graphs on the same edge set are defined to be equal if
there exists a bijection between their vertex sets that preserves vertex-edge incidence.

‘Whitney [6] characterized the class of graphs having the same polygon matroid:
as a given graph. Restricted to 3-connected graphs, Whitney’s result is the following.

Theorem 3.3. Let H be aloopless 3-connected graph and let H' be a connected graph. If
P(H)=P(H’), then H=H'. |

Let u€V and TCV—{u} with T={u,, ...,u,}. Then FSE isa (u, T)-fan
if G[F]is a tree such that the degree of uin G[F] is ¢, the degree of u; in G[F] is 1,
for 1=i=1¢, and the degree of all other vertices of G[F] is 2. The next result follows
easily from Menger’s theorem.

Theorem 3.4. Let G=(V, E) be a n-connected graph with at least n+ 1 vertices. Let
u€V and TSV —{u} such that \T|=n. Then there exists a (u, T)-fan of G. }

The main result of the section is the following,.
Theorem 3.5. Let G=(V,E) be a 4-connected bipartite graph and suppose
G'=(V’, E) is a non-bipartite connected graph such that F(G)=F(G’). Then G’ is
obtained from G by either a rolling or an identification.

Proof. If |V'|=4, then the result is easily verified. Thus, assume |V'|=5. Observe
that the rank function definition implies |V'|=|V|—1.
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Suppose that for every u€V the graph G\stg() is non-bipartite, where
st (1) denotes the set of edges of G incident to u. Choose v€V, and define H=G\p
and H'=G"\stg(v). Since G is 4-connected, H is 3-connected. Observe that G\ stg(v)
has exactly two bipartite components, H and the isolated vertex v. Thus, stg(v) is
a cocircuit of F(G), and so H' has exactly one bipartite component, say B.

Since H is 3-connected, every pair of edges is in a cycle of H, and thus a circnit
of F(H ). Therefore, every pair of edges of H’ is in a circuit of F(H’). Suppose B has
an edge, say e. Since H’ is non-bipartite and B is bipartite, there exists an edge f of
H’ that is not in B. Evidently, {e, 7} is not contained in a circuit of F(H’), a contra-
diction. Thus, B is an isolated vertex, say v". Moreover, stg (v")Cstg(v). Since G” is
connected, stg.(v")#=0. Thus, st;(v") contains a cocircuit of F(G’) and since no
cocircuit of a matroid properly contains another, stg (v')=ste(v). Since v was
arbitrarily chosen, for every vertex €V, there exists a vertex 1€V’ such that
stg(w)=stg(w’). This implies [V|=|V’|, a contradiction. Thus, without loss of
generality, the graph H” can be assumed to be bipartite. Moreover, since H’ has
exactly one bipartite component, H” is connected.

Let u, u,, u,, and u, be distinct vertices of H such that u;, u,, and u, are adja-
cent to v in G. By (3.4), there exists a (u, {u;, us, us})-fan F of H. Let P, be the edge
set of the (u, w;)-path in H[F], for 1=i=3. Then H[P,], H[P,] and H[P;] pairwise
have only the vertex u in common. Let ¢; be an edge of G joining »; and », for
1=i=3. Then C;=P,UP;U{e;,e;} is a circuit of F(G), for 1=i<j=3.

Since H’ is bipartite and H is 3-connected, by (3.3) H=H’. Thus, Fis a
(u, {uy, o, ws})-fan of H’. Since |V'|=|V|—1, V(H)=V".

One of the following is claimed to be true for G’, T={uy, s, u3}, {es, s, €3},
and ¢=3.

(i) e; is a loop at u;, for 1=i=1.
(ii) e, (say) is a loop at u;, and e; joins u; and u,, for 2=i=1, or
(iii) there exists a vertex z¢ T such that e; joins ; and z, for 1=i=1.

The first step is to verify the following: if ¢; is a loop of G”, then e; is a loop at
u;, for 1=i=3. Suppose, for example, e, is a loop of G’, and e, is not incident to
u; or u,, but rather to a vertex z. Let R be a (x4, u,)-path of H that avoids z. Then
RU{e,, e,} is a circuit of F(G), but not of F(G”), a contradiction. Thus, e, is incident
to, in G, u, or u,. Likewise, e, is incident to, in G”, u; or u,. Thus, e, is a loop at ;.

The next step is verify the following: if e; is a loop of G” and ¢; is not, then e,
joins u; and u;, for 1=i, j=3. Suppose, for example, ¢, is a loop (at uy, by the
above) and e, joins z and z’, with z=2" and {z, z’}# {1y, u,}. Without loss of gen-
erality, assume z¢ {1, u,}. Let R be a (uy, u,)-path of H that avoids z. Then
RU{e;, e} is a circuit of F(G), but not of F(G’), a contradiction.

The previous 2 cases show that if at least one of e;, e, or e; is a loop, then
either (i) or (ii) holds.

Now consider the case when none of e, e, or e, are loops of G’. Since Cp,
is a circuit of F(G), e, is incident to exactly one of #; and u,, and since Cy, is a circuit
of F(G), e, is incident to exactly one of u;, and u,;. Thus, e, is incident to u;, for
1=i=3. Denote by z; the other end of ¢;, for 1=i=3. If z;7z,, then RU {e;, e,}
is a circuit of F(G), but not F(G’), where R is a (u,, u)-path of H avoiding z,. Thus
zy=2z,=2z,, and so (iii) holds,
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By induction on [T, either property (i), (ii) or (iii) holds for 7= {u;, u,, ...
.oty} and {e, ..., ¢}, where u, ..., u, are the vertices of G incident to v, and
where e; joins v and u;, for 1=i=1. The theorem follows easily by obsevring that
(i) implies that G’ is obtained from G by a rolling, and (ii) and (iii) imply that G’ is
otbained from G by an identification. |

4. Concluding Remarks

Theorem (3.5) is not true if the 4-connectivity assumption is relaxed; the graphs
in Figure 2 have the same factor matroid, but are not related by either a rolling or
an identification. I have found several other factor-matroid-preserving operations and
I conjecture that there is a finite list of such operations that yield all non-bipartite
graphs having that same factor matroid as a given bipartite graph. The related prob-
lem of determining whether two non-bipartite graphs have the same factor matroid
seems more difficult.

Fig. 2
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